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ÏóñòüG� ïîëóïðîñòàÿ àëãåáðàè÷åñêàÿ ãðóïïà íàä ïîëåì C, T � ìàêñèìàëüíûé òîð,
B ⊇ T � áîðåëåâñêàÿ ïîäãðóïïà, P,Q ⊇ B � ïàðàáîëè÷åñêèå ïîäãðóïïû, P = L i Pu,
Q = M i Qu � ðàçëîæåíèÿ Ëåâè, ïðè÷åì L è M ñîäåðæàò T , pu è qu � êàñàòåëüíûå
àëãåáðû ê Pu è Qu ñîîòâåòñòâåííî, Π � ñèñòåìà ïðîñòûõ êîðíåé, αi � ïðîñòûå êîðíè,
èõ íóìåðàöèÿ ñîîòâåòñòâóåò [1].

Îïðåäåëåíèå. Ñëîæíîñòüþ äåéñòâèÿ ãðóïïû G íà íåïðèâîäèìîì àëãåáðàè÷åñêîì
ìíîãîîáðàçèè X íàçûâàåòñÿ êîðàçìåðíîñòü òèïè÷íîé îðáèòû Bx ⊆ X.

Ìû êëàññèôèöèðóåì äâîéíûå ìíîãîîáðàçèÿ ôëàãîâ X = G/P × G/Q ñëîæíîñòè
0 è 1. Ýòà çàäà÷à èìååò ïðèëîæåíèÿ ê çàäà÷å î ðàçëîæåíèè òåíçîðíîãî ïðîèçâåäåíèÿ
äâóõ íåïðèâîäèìûõ G-ìîäóëåé íà íåïðèâîäèìûå ïîäìîäóëè. Åñëè äâà íåïðèâîäèìûõ
G-ìîäóëÿ ðåàëèçîâàíû êàê ïðîñòðàíñòâà ñå÷åíèé ëèíåéíûõ ðàññëîåíèé íàä G/P è G/Q
ñîîòâåòñòâåííî, òî èõ òåíçîðíîå ïðîèçâåäåíèå ðåàëèçóåòñÿ êàê ïðîñòðàíñòâî ñå÷åíèé
òåíçîðíîãî ïðîèçâåäåíèÿ ýòèõ ðàññëîåíèé íàä G/P ×G/Q. Â ñëó÷àå, êîãäà ñëîæíîñòü
ìíîãîîáðàçèÿ X íå ïðåâîñõîäèò åäèíèöû, ñóùåñòâóåò ýôôåêòèâíûé ñïîñîá ðàçëîæèòü
ïðîñòðàíñòâî ñå÷åíèé ëèíåéíîãî ðàññëîåíèÿ íàä X íà íåïðèâîäèìûå G-ìîäóëè.

Ðàíåå Ëèòòåëüìàí íàøåë âñå ïàðû ìàêñèìàëüíûõ ïàðàáîëè÷åñêèõ ïîäãðóïï, äëÿ êî-
òîðûõ ñëîæíîñòü ñîîòâåòñòâóþùåãî ìíîãîîáðàçèÿ ôëàãîâ ðàâíà íóëþ [2], Ñòåìáðèäæ
êëàññèôèöèðîâàë âñå äâîéíûå ìíîãîîáðàçèÿ ôëàãîâ ñëîæíîñòè íóëü [4], Ïàíþøåâ âû-
÷èñëèë ñëîæíîñòè âñåõ äâîéíûõ ìíîãîîáðàçèé ôëàãîâ, îòâå÷àþùèõ ïàðàì ìàêñèìàëü-
íûõ ïàðàáîëè÷åñêèõ ïîäãðóïï [3].

Íàø ìåòîä êëàññèôèêàöèè îñíîâàí íà ñëåäóþùåé òåîðåìå Ïàíþøåâà.
Òåîðåìà 1 ([3]). Ñëîæíîñòü äåéñòâèÿ ãðóïïû G íà G/P × G/Q ðàâíà ñëîæíîñòè

äåéñòâèÿ L ∩M íà pu ∩ qu.
Îí ïîçâîëÿåò åäèíîîáðàçíî è áîëåå ïðîñòûì ñïîñîáîì ïîëó÷èòü ðåçóëüòàòû Ëèò-

òåëüìàíà è Ñòåìáðèäæà â ñëó÷àå ñëîæíîñòè 0 è çàâåðøèòü êëàññèôèêàöèþ â ñëó÷àå
ñëîæíîñòè 1.

Â ñëó÷àå êëàññè÷åñêèõ ãðóïï â êà÷åñòâå B áóäåì ðàññìàòðèâàòüïîäãðóïïó âåðõ-
íåòðåóãîëüíûõ ìàòðèö, òîãäà ïàðàáîëè÷åñêèå ïîäãðóïïû P è Q ìîæíî çàäàâàòü ðàç-
ìåðàìè áëîêîâ L è M , åñëè L è M èìåþò áëî÷íî-äèàãîíàëüíûé âèä, ëèáî ðàçìåðàìè
áëîêîâ, ïîëó÷åííûõ ñîïðÿæåíèåì ñ ïåðåñòàíîâêîé äâóõ ñðåäíèõ áàçèñíûõ âåêòîðîâ (òà-
êîé ñëó÷àé âîçìîæåí òîëüêî äëÿ SOn ïðè ÷åòíûõ n, â òåîðåìå òàêàÿ ïàðàáîëè÷åñêàÿ
áóäåò ïîìå÷àòüñÿ øòðèõîì). Â ñëó÷àå îñîáûõ ãðóïï ïàðàáîëè÷åñêèå ïîäãðóïïû áóäåì
çàäàâàòü ïîäìíîæåñòâîì ïðîñòûõ êîðíåé Π\ I, ãäå ïîäìíîæåñòâî I � ñèñòåìà ïðîñòûõ
êîðíåé ñòàíäàðòíîé ïîäãðóïïû Ëåâè.

Òåîðåìà 2. Ïóñòü G � êëàññè÷åñêàÿ ãðóïïà (SLn, SOn, Spn). Òîãäà âñå äâîéíûå
ìíîãîîáðàçèÿ ôëàãîâ ñëîæíîñòè 0 è 1 ñîîòâåòñòâóþò ñëåäóþùèì ïàðàì ïàðàáîëè÷åñêèõ
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ïîäãðóïï (ñ òî÷íîñòüþ äî îäíîâðåìåííîãî òðàíñïîíèðîâàíèÿ îòíîñèòåëüíî ïîáî÷íîé
äèàãîíàëè è ïåðåñòàíîâêè)

1) G = SLn, ñëîæíîñòü 0:
((p1, p2), (q1, q2)), ((p1, p2), (1, q2, q3)), ((p1, p2), (q1, 1, q3)), ((2, p2), (q1, q2, q3)), ((1, p2), (q1, . . . , qs))

ñëîæíîñòü 1:
((3, p2), (q1, q2, q3)), p2 > 3, q1, q2, q3 > 2, ((p1, p2), (2, 2, q3)), q2, q3 > 2, p1, p2 > 3, ((p1, p2), (2, q2, 2)),
q2, q3 > 2, p1, p2 > 3, ((2, p2), (q1, q2, q3, q4)), ((p1, p2), (1, 1, 1, q4)), p1, p2 > 2, ((p1, p2), (1, 1, q3, 1)),
p1, p2 > 2, ((1, 1, p3), (q1, q2, q3)), ((1, p2, 1), (q1, q2, q3))

2) G = SOn, ñëîæíîñòü 0:
((p, p), (p, p)), ((p, p), (p, p)′), ((p, p), (q1, q2, q1)), q1 = 1, 2, 3, ((p, p), (q, 2, q)), ((p, p), (1, q, q, 1)),
((p, p), (1, q, q, 1)′), ((4, 4), (2, 2, 2, 2)′), ((p, p), (1, 1, q, 1, 1)), ((1, p, 1), (q1, q2, q1)), ((p, 1, p), (p, 1, p)),
((1, p, 1), (q1, q2, q2, q1))

ñëîæíîñòü 1:
((6, 6), (4, 4)), ((4, 4), (2, 2, 2, 2)), ((5, 5), (2, 3, 3, 2)), ((5, 5), (2, 3, 3, 2)′), ((5, 5), (3, 2, 2, 3)),
((5, 5), (3, 2, 2, 3)′), ((4, 4), (1, 2, 2, 2, 1)), ((4, 4), (2, 1, 2, 1, 2)), ((4, 4), (1, 1, 2, 2, 1, 1)),
((4, 4), (1, 1, 2, 2, 1, 1)′), ((2, 2, 2), (2, 2, 2)), ((2, p, 2), (q, 1, q)), p > 2, ((2, 2, 2), (1, 2, 2, 1)),
((1, p, 1), (q1, q2, q3, q2, q1)), ((2, 1, 2), (1, 1, 1, 1, 1)), ((1, p, 1), (q1, q2, q3, q3, q2, q1)),
((1, 2, 2, 1), (1, 2, 2, 1)), ((1, 2, 2, 1), (1, 2, 2, 1)′)

3) G = Spn, ñëîæíîñòü 0:
((p, p), (p, p)), ((p, p), (1, q, 1)), ((1, p, 1), (q1, q2, q1))

ñëîæíîñòü 1:
((p, p), (2, q, 2)), ((2, 2), (1, 1, 1, 1)), ((1, p, 1), (q1, q2, q2, q1)), ((1, p, 1), (q1, q2, q3, q2, q1))

Òåîðåìà 3. 1) Äëÿ ãðóïï G2, F4 è E8 äâîéíûõ ìíîãîîáðàçèé ôëàãîâ ñëîæíîñòè
0 è 1 íåò.

2) Äëÿ ãðóïïû E6 ìíîãîîáðàçèÿ ñëîæíîñòè 0 îòâå÷àþò ñëåäóþùèì ïàðàì ïàðàáî-
ëè÷åñêèõ ïîäãðóïï:
({α1}, {α1}), ({α1}, {α2}), ({α1}, {α4}), ({α1}, {α5}), ({α1}, {α6}), ({α2}, {α5}), ({α4}, {α5}),
({α5}, {α5}), ({α5}, {α6}), ({α1}, {α1, α5}), ({α1}, {α5, α5})

ìíîãîîáðàçèÿ ñëîæíîñòè 1 îòâå÷àþò ñëåäóþùèì ïàðàì ïàðàáîëè÷åñêèõ ïîäãðóïï:
({α1}, {α1, α2}), ({α1}, {α1, α6}), ({α1}, {α4, α5}), ({α1}, {α5, α6}), ({α5}, {α1, α2}),
({α5}, {α1, α6}), ({α5}, {α4, α5}), ({α5}, {α5, α6})

3) Äëÿ ãðóïïû E7 ìíîãîîáðàçèÿ ñëîæíîñòè 0 îòâå÷àþò
ñëåäóþùèì ïàðàì ïàðàáîëè÷åñêèõ ïîäãðóïï:

({α1}, {α1}), ({α1}, {α6}), ({α1}, {α7})
ìíîãîîáðàçèÿ ñëîæíîñòè 1 îòâå÷àþò ñëåäóþùèì ïàðàì ïàðàáîëè÷åñêèõ ïîäãðóïï:

({α1}, {α2})
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